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Dear CIM Colleagues,

On behalf of CIM, I would like to invite you to partici-
pate in the forthcoming CIM-MPE events being organ-
ized as part of the year-long, global celebration — Math-
ematics of Planet Earth 2013 (MPE-2013). These events 
are enthusiastically supported by many Portuguese in-
stitutions, including: SPM; SPE; APDIO; CEMAPRE; 
CEAUL; CMA-UNL; CMAF-UL; CMUP; INESC-
TEC; ISR; IT; UECE; Fernando Santos Sucessores Lda; 
FCUL; ISEG; Calouste Gulbenkian Foundation and 
Ciência Viva.
 One CIM-MPE event is the international conference, 
Planet Earth, Dynamics, Games and Science, which will 
be held September 2–4, 2013 at the Calouste Gulbenkian 
Foundation. In addition to the conference an advanced 
school will be held August 26–31 and September 5–7 at 
the Instituto Superior de Economia e Gestão ISEG in 
Lisbon, Portugal.
 Distinguished Keynote speakers and lecturers will 
include: Eric Maskin, CIM-SPM Pedro Nunes Lec-
ture, Institute for Advanced Studies, USA (scheduled); 
Michel Benaim, Université de Neuchâtel, Switzer-
land; Jim Cushing, University of Arizona, USA; João 
Lopes Dias, Universidade Técnica de Lisboa, Portugal; 
Pedro Duarte, Universidade de Lisboa, Portugal; Di-
ogo Gomes, Universidade Técnica de Lisboa, Portugal; 
Yunping Jiang, City University of New York, USA; 
Jorge Pacheco, Universidade do Minho, Portugal; Da-

vid Rand, University of Warwick, UK; Martin Shubik, 
Yale University, USA (by video); Satoru Takahashi, 
Princeton University, USA; Marcelo Viana, Instituto 
de Matemática Pura e Aplicada IMPA, Brazil
 If you are interested in being involved in this confer-
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Coming Events

92nd European Study Group with Industry 2012 
May, 6–10, 2013

ISEC—Institute of Engineering, Polytechnic of Coimbra, 
Coimbra—Portugal
http://dfm.isec.pt/esgi92/

The 92nd European Study Group with Industry will be held 
from May 6 to May 10 2013 at ISEC (http://www.isec.pt/), 
the Coimbra Institute of Engineering, Polytechnic of Coim-
bra, Portugal, organized by the Department of Mathematics 
and Physics, ISEC-DMF (http://www.dfm.isec.pt/) and LCM 
– Laboratory for Computational Mathematics (http://www.
uc.pt/uid/lcm) of Centre for Mathematics of the University 
of Coimbra (https://cmuc.mat.uc.pt/rdonweb/).

 This meeting is part of the series of European Study 
Groups and will count with the participation of several Euro-
pean experts with a large experience in this type of events. 
The purpose of these meetings is to strengthen the links be-
tween Mathematics and Industry by using Mathematics to 
tackle industrial problems, which are proposed by industrial 
partners.
 More information on Portuguese Study Groups is avail-
able at http://www.ciul.ul.pt/~freitas/esgip.html, while gener-
al information on study groups and related aspects is avail-
able at the International Study Groups website (http://www.
maths-in-industry.org), the Smith Institute (http://www.smith-
inst.ac.uk) and the European Consortium for Mathematics 
in Industry (http://www.ecmi-indmath.org/info/events.php).

ber Professor Adérito Araújo, CMAF President Profes-
sor Luís Sanches, CMA Member Professor Fábio Chalub, 
Dom Luiz Institute Director Professor Pedro Miranda 
and the former CIM Presidents Professor José Perdigão 
Dias da Silva and Professor José Francisco Rodrigues.
 During the Opening Ceremony, the President of 
CIM, together with Secretary Queiró, awarded the CIM 
Medals to the following distinguished recipients: José 
Perdigão Dias da Silva, Universidade de Lisboa; L. 
Trabucho de Campos, Universidade Nova de Lisboa; 
Joaquim João Júdice, Universidade de Coimbra; José 
Francisco Rodrigues, Universidade de Lisboa
 The CIM Medals are awarded to mathematicians in 
recognition of meritorious contributions made during 
their scientific careers and to acknowledge their signifi-
cant influence on the development of Mathematics in 
Portugal through affiliation with CIM.
 In addition to those who participated in the opening 
ceremonies, CIM would like to thank the following key-
note speakers and lecturers for their wonderful presenta-
tions: Richard James, CIM-SPM Pedro Nunes Lecture 
University of Minnesota, USA; Inês Azevedo, Carnegie 
Mellon University, USA; Christopher K. R. T. Jones, 
University of North Carolina, USA; Pedro Miranda, 
Universidade de Lisboa, Portugal ; Keith Promislow, 
Michigan State University, USA; Richard L. Smith, 
University of North Carolina, USA; José Xavier, Uni-
versidade de Coimbra, Portugal; David Zilberman, Uni-
versity of California, Berkeley, USA
 CIM also appreciates the 60 invited speakers for their 
enlightening presentations and sincerely thanks the ses-
sion organizers for their effort, commitment and dedica-
tion that was so vital for the success of the events: Ivette 
Gomes, Universidade de Lisboa; Stéphane Louis Clain, 
Universidade do Minho; Carlos Ramos, Universidade 
de Évora; Miguel Centeno Brito, Universidade de 
Lisboa; Raquel Menezes, Universidade do Minho; José 
Luís dos Santos Cardoso, Universidade de Trás-os-
Montes e Alto Douro; Mário Gonzalez Pereira, Uni-
versidade de Trás-os-Montes e Alto Douro; Patrícia 
Gonçalves, Universidade do Minho; João Gama, Uni-

versidade do Porto; Delfim F. M. Torres, Universi-
dade de Aveiro; Paulo A. V. Borges, Universidade dos 
Açores; João Paulo Almeida, Instituto Politécnico de 
Bragança; Alberto Adrego Pinto, Universidade do 
Porto ; Nico Stollenwerk, Universidade de Lisboa; 
Tânia Pinto Varela, Universidade Técnica de Lisboa; 
Maria da Conceição Carvalho, Universidade de Lis-
boa; António Pacheco Pires, Universidade Técnica de 
Lisboa; Margarida Brito, Universidade do Porto; Síl-
vio M.A. Gama, Universidade do Porto; João Emílio 
Almeida, Universidade do Porto.
 In addition, CIM especially thanks Irene Fonse-
ca for her scientific guidance, Antónia Turkman for 
her assistance with the Calouste Gulbenkian Founda-
tion, Telmo Parreira for organizing and compiling 
the proceedings, and Paulo Mateus, Pedro Baltazar 
and Telmo Parreira for developing and maintaining 
the conference website. CIM thanks the CGF staff and 
members of the local organizing committee (Alberto 
Pinto, FCUP; Paulo Mateus, IST; Pedro Baltazar, 
IST; Telmo Parreira, FCUP; Abdelrahim Mousa, 
FCUP; João Almeida, IPB; Renato Soeiro, FCUP; 
João Coelho, FCUP; Bruno Neto, FCUP; Filipe 
Martins, FCUP; Joana Becker, FCUP, Renato Fer-
nandes, FCUP, Ricardo Cruz FCUP), as well as the 
Calouste Gulbenkian Foundation, for incredible hospi-
tality, throughout the event and for providing the speak-
ers and participants with the opportunity to experience 
the friendly ambiance in the beautiful city of Lisbon.
 Finally, CIM would like to remind you that review 
and research articles related to the two conferences will 
be published in the first two volumes of the CIM Series 
in Mathematical Sciences, which will be published by 
Springer-Verlag. The editors, Jean Pierre Bourguignon, 
Rolf Jeltsch, Alberto Pinto and Marcelo Viana, invite 
conference participants to submit review and research 
articles for consideration to aapinto@fc.up.pt and info.mpe2013@

sqig.math.ist.utl.pt by December 31, 2013.

Alberto Adrego Pinto
President of CIM
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by Manuel Delgado [CMUP and DM-FCUP, University of Porto] and
Pedro García Sánchez [Dep. Álgebra, University of Granada] 

http://ind.millenniumbcp.pt/pt/particulares/Pages/Welcome.aspx
http://ind.millenniumbcp.pt/pt/particulares/Pages/Welcome.aspx
http://cmup.fc.up.pt/cmup/apmind/
http://cmup.fc.up.pt/cmup/apmind/
http://cmup.fc.up.pt/cmup/gemac/
http://www.fc.up.pt/dmat/engmat/
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The multivariate extremal index and tail 
dependence
by Helena Ferreira*

*  Department of Mathematics — University of Beira Interior, Covilhã

Abstract.—If we obtain a tail dependence coefficient of the common distribution of the vectors in a 
multivariate stationary sequence then we do not have necessarily the correspondent coefficient of the 
limiting multivariate extreme value model. In opposition to sequences of independent and identically 
distributed random vectors, the local clustering of extremes allowed by stationarity can increase
or decrease the tail dependence.
 The temporal dependence at extreme levels can be summarized by the function multivariate extremal 
index and its effect in the tail dependence is well illustrated with Multivariate Maxima of Moving Maxima 
processes.

Keywords.—multivariate moving maxima, multivariate extremal index, tail dependence, multivariate 
extreme value distribution.

1. IntroductIon

For a random vector  with continuous 
marginal distributions  and copula , let the bi-
variate (upper) tail dependence coefficients  
be defined by 

,

for . Tail dependence coefficients measure 
the probability of extreme values occurring for one ran-
dom variable given that another assumes an extreme value 
too. Positive values correspond to tail dependence and 
null values mean tail independence. These coefficients 
can be defined via copulas and it holds that

,

where  is the copula of the sub-vector  ([4], [7]).
 Let  be a multivariate distribution function with 
continuous marginals, which is in the domain of attrac-
tion of a Multivariate Extreme Value (henceforth MEV) 
distribution  with standard  Fréchet margins, that is, 

 with marginal distribu-
tions , , . It is known 
that any bivariate tail dependence coefficient of  is the 
same as the corresponding coefficient of  ([8]).

(1)

(2)

 Let  be a multivariate stationary se-
quence  such that  and  is 
the vector of componentwise maxima from  . 
If , for 
some MEV distribution , one question that naturally 
arises is Does dependence across the sequence affect the 
bivariate tail dependence of the limiting MEV? In other 
words, we would like to know the relation between the 
tail dependence coefficients of the limiting MEV and 
the limiting MEV

,

where  is the vector of pointwise 
maxima for a sequence of i.i.d. random vectors  
associated to , that is, such that, .
 Our main purpose is to compare the bivariate tail 
dependence coefficients for the margins of the two Mul-
tivariate Extreme Value distributions  and  through 
the function multivariate extremal index ([6]), which re-
sumes temporal dependence in .
 We recall that the dimensional stationary se-
quence  is said to have a multivariate extremal in-
dex , , if for each  in   , 

give us your opinion on the usefulness or not of this kind 
of meetings for the development of an area, in particu-
lar in an area that constitutes a small intersection point 
of several others.

Valentina.—Numerical semigroups is apparently a narrow subject, 
but it gathers people from different areas.

 Thus, the most interesting talks in the meeting were for me the 
talks where also other subjects, e.g. from commutative algebra or 
from code theory, appear. 

 It was also interesting and useful to meet personally some 
mathematicians who worked on similar problems than me and that I 
know only though their papers.

 The meeting was also pleasant because there are not people 
that consider themselves big stars, as sometime happens, and there 
was a very nice cooperative atmosphere.

José Carlos.—These meetings are very useful since they encourage 
the grouping of mathematicians interested in the study and 

applications of numerical semigroups coming from all over the world. 
This provides a contact at first hand with the latest advances in this 
field. It also provides discussions between different researchers that 
could not happen otherwise.

Ralf.— It is very important to have a chance to meet people in this 
relatively narrow area. This gives possibilities to talk about problems, 
but still to get views from different angles.

Scott.— I think it is highly useful. Most of the participants at the 
IMNS meetings found numerical semigroups by working in some other 
area. In my case, it was Commutative Algebra. In other cases, it was 
Computer Science, Graph Theory, Algebraic Geometry, …. The list 
is almost endless. I am not so sure that the intersection mentioned 
above is so small. In fact, I think it has grown drastically over the 
past 10 years and I believe that attendance at the next IMNS meetings 
will exceed that of any of the first three editions of this congress.
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there exists levels 
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Corollary 3.2.—Let  be a M4 process defined as 
in (2). Then, for any , it holds that

(a)
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Numerical semigroups problem list
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lies of numerical semigroups for which it is known that 
the conjecture is true are collected in [16]. Other such 
families can be seen in [23,59]. The general case remains 
open.
 Bras-Amorós computes in [5] the number of numeri-
cal semigroups with genus , and conjectures 
that the growth is similar to that of Fibonacci’s sequence. 
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ry numerical semigroup is one half of an infinite num-
ber of symmetric numerical semigroups. The apparent 
parallelism between symmetric and pseudo-symmetric 
numerical semigroups fails as we can see in [37], where 
it is proved that a numerical semigroup is irreducible if 
and only it is one half of a pseudo-symmetric numeri-
cal semigroup. As a consequence we have that every nu-
merical semigroup  is a quarter of infinitely many pseu-
do-symmetric numerical semigroups. In [61], it is also 
shown that for every positive integer  and every numeri-
cal semigroup , there exist infinitely many symmetric 
numerical semigroups  such that , and if  , 
then there exist infinitely many pseudo-symmetric nu-
merical semigroups  with .
 From the definition, we deduce that a numerical sem-
igroup  is symmetric if and only if . 
Therefore these numerical semigroups verify Wilf’s con-
jecture previously mentioned. We raise the following 
question. If a numerical semigroup verifies Wilf’s con-
jecture, then does so its half?
 It can easily be seen that every numerical semigroup 
can be expressed as a finite intersection of irreducible 
numerical semigroups. A procedure for obtaining such 
a decomposition is given in [50]. Furthermore it is also 
explained how to obtain a decomposition with the least 
possible number of irreducibles. We still do not know 
how many numerical semigroups appear in these mini-
mal decompositions, moreover, we wonder if there ex-
ists a positive integer  such that every numerical semi-
group can be expressed as an intersection of at most  
irreducible numerical semigroups.
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. We denote by  the set of all 
numerical semigroups that admit a pattern . Then the 
set of numerical semigroups with the Arf property is 

. It is proved in [6] that for every pattern  of 
a special type (strongly admissible),  is a Frobenius 
variety. What varieties arise in this way? It would be in-
teresting to give a weaker definition of pattern such that 
every variety becomes the variety associated to a pattern.
 The intersection of Frobenius varieties is again a  
Frobenius variety. This fact allows us to construct new 
Frobenius varieties from known Frobenius varieties and 
moreover, it allows us to talk of the Frobenius variety 
generated by a family  of numerical semigroups. This 
variety will be denoted by , and it is defined to be 
the intersection of all Frobenius varieties containing  . 
If  is finite, then  is finite and it is shown in [38] 
how to compute all the elements of .
 Let  be a Frobenius variety. A submonoid  of 

 is a -monoid if it can be expressed as an intersec-
tion of elements of . It is clear that the intersection of 

-monoids is again a -monoid. Thus given  
we can define the -monoid generated by  as the in-
tersection of all -monoids containing . We will de-
note by  this -monoid and we will say that  is a 

 -system of generators of it. If there is no proper subset 
of  being a -system of generators , then  is a 
minimal  -system of generators of . It is proved 

in [38] that every -monoid admits an unique minimal 
-system of generators, and that moreover this system 

is finite.
 We define the directed graph  in the same way 
we defined , that is, as the graph whose vertices are 
the elements of , and  is an edge of the 
above graph if . This graph is a tree with 
root  ([38]). Moreover, the sons of a semigroup  in  
are , where  are the minimal 

-generators of  greater than . This fact allows us 
to find all the elements of the variety  from .
 Figure 1 represents part of the tree associated to the 
variety of numerical semigroups with the Arf property.
 Figure 2 represents part of the tree  corresponding 
to saturated numerical semigroups.
 As a generalization of Bras-Amorós’ conjecture, 
we can raise the following question. If  is a Frobenius 
variety, does there exist on  more vertices in the 

th level than in the th one? The answer to this 
question is no, as it is proved in [38, Example 26]. How-
ever, the same question  in the case of  being infinite 
remains open. Another interesting question would be 
characterizing those Frobenius varieties that verify the 
Bras-Amorós’ conjecture.
 If  is a Frobenius variety and , then it is 
known that  admits an unique minimal -system of 
generators, and moreover it is finite. The cardinality of 

the set above is an invariant of  that will be called the 
embedding -dimension of , and it will be denoted by 

. As a generalization of Wilf’s conjecture, we would 
like to characterize those Frobenius varieties  such that 
for every , then .
 Clearly, the Frobenius variety generated by irreduc-
ible numerical semigroups is , the set of all numerical 
semigroups. What is the Frobenius variety generated only 
by the symmetric ones? and by the pseudo-symmetric 
ones?

5. presentatIons of a8 tm
(of)tj
12 he pseudo-symmetric 
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 Let us remind now the  method described in [35] 
for computing the minimal presentation of a numerical 
semigroup. Let  be a numerical semigroup with mini-
mal system of generators . For each , let 
us define 
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the set of differences of lengths of factorizations of  is 
. Moreover  . 

These sets are known to be eventually periodic ([12]).
 The elasticity of  is  , 
and , which turns out to be a maxi-
mum ([47]). For numerical semigroups it is well known 
that .
 For , the great-
est common divisor of  and  is

.
The distance between  and 
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Tracing orbits on conservative maps
by Mário Bessa*

* Universidade da Beira Interior, Covilhã, Portugal 
bessa@ubi.pt

1. IntroductIon

“There is strong shadow where there is much light”
Goethe in Götz von Berlichingen

1.1 The basic framework
In order to start playing with dynamical systems we 
need a place to play and a given rule acting on it. Once 
we establish that, we wonder what happens when we re-
peat the rule ad infinitum. We are mainly interested in 
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theorem of Darboux (see e.g. [21 , Theorem 1.18]) there 
exists an atlas , where  is an open sub-
set of , satisfying 
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Moreover, weak hyperbolicity allows the existence of 
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